ASYMPTOTIC PROPERTIES OF MARKOFF
TRANSITION PROBABILITIES

BY
J. L. DOOB

Let X be any space of abstract elements, and let §, be any Borel field of
X sets, including X itself. Let P®(x, 4) be a function of x€X, 4 E§., and
the positive real variable ¢, with the following properties:

(@) 0= PO(x, 4)SPY(x, X)=1;

(b) for fixed x and ¢, P®(x, A) is a completely additive function of sets
4; for fixed 4 and ¢, P¥(x, A) is measurable in x with respect to the field ..

(c) with a self-explanatory notation for integration with respect to a set
function,

0.1) P, 4) = [ POy, 4)PO(z, dG), 5, 1> 00).

A function with these properties can be considered the transition probability
function of a Markoff process; it is the probability of a transition into 4 from
initial position x, in time ¢. The Markoff process is determined for >4 if a
distribution of x at time £=1¢, is assigned. The process is called stationary, or
temporally homogeneous, if the initial distribution reproduces itself, that is, if
the set function ®(4) defining the initial distribution satisfies the equation

©.2) B(4) = f PUO(x, 4)8(dG.).

The probability formalization of a stochastic process is now well known. In
the present case the initial distribution and the transition probabilities are
used to define a probability measure in the space of all functions x(¢), where
t=to, and x(¢) is a function which takes on values in X. For example, to the
set of functions satisfying the condition x(s)E4 (s> is fixed) is assigned
as measure

0.3) Plats) € 4} = [ PO, )G,

where ®(G) defines the initial distribution. If & is self-reproducing, the defini-
tion in (0.3) and the corresponding definitions for more complicated sets be-

Presented to the Society, November 25, 1945, under the title Markoff chains—denumerable
case; received by the editors February 27, 1947.

(*) In the following, the domain of integration will not be indicated explicitly when it is
the whole space.
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come independent of ¢, and the probability measure is then defined on the
space of all functions x(¢), — « <¢< = ;in this case x(s), for each s, has the ®
distribution. The transformation T, taking x(¢) into x(¢+s) is then a measure
preserving transformation .in function space, and the theory of measure pre-
serving transformations is applicable.

In the following, it will be supposed that ¢ runs through integral values
only. Function space then reduces to sequence space. The results obtained
will however be applicable, with the obvious changes, when ¢ runs through all
real numbers; for example the average (1/#) D 7., %(j) is replaced by the
average (1/%) [ox(s)ds.

If certain restrictions discussed below are imposed on the given transition
probabilities, it follows that

t
0.4) lim 1 > P (x, A) = Q(x, 4)
— =1
exists for all x. Moreover:
(a) This limit is uniform in x and 4.
(b) For fixed x, Q(x, 4) defines a self-reproducing probability distribution.
(c) X can be expressed as a sum of a finite number of disjunct sets,
N, A),, Az, L N where

1, x € Ai’
P(‘)(x, Aj) = .
0! x E Akr k # ];
(0.5)
Q(xr A) ='Qi(A)r x € Ai!
Q(x, N) = 0.

The sets A;, A,, - - - are called final sets. If a simple type of cyclic transition
is excluded, the Cesaro limit in (0.4) becomes an ordinary limit(?).

In order to explain the significance of the conditions imposed on the
transition probabilities to obtain these results, a familiar example will be re-
called. Let X be any abstract space, and let §, be a Borel field of X sets (in-
cluding X itself). Let Tx be any one-to-one transformation of the points of X
which together with its inverse takes §, sets into §, sets. Define P®(x, 4)
as follows:

, 1 if Ttx € A,
(0.6) P (g, A) = { .
0 f T'txeX — A.

This function satisfies the three conditions (a), (b), (c), stated above, and
therefore defines a Markoff process (in conjunction with an initial distribu-
tion). The average in (0.4) becomes the average number of times T'x&A4 as ¢

(?) See [7] for a more complete statement and for details of the proof. Numbers in brackets
refer to the bibliography at the end of the paper.
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increases. It is thus hopeless to expect that without further hypotheses on
the transition probabilities averages like that in (0.4) can behave in any more
regular fashion than the corresponding averages for point transformations.
If some probability measure, that is, a measure with value 1 on the whole
space, has been defined on the sets of §., and if the transformation T is
measure preserving, the measure of X sets defines a self-reproducing distribu-
tion. Even the hypothesis that a Markoff process has a self-reproducing dis-
tribution can however at best make the averages in (0.4) behave like the
corresponding averages for measure preserving point transformations. The
behavior detailed above, beginning with the existence of the limit in (0.4)
for all x, is actually far more regular than the corresponding behavior for
measure preserving point transformations. Now the transition probability
P (x, A) defined in (0.6) is for fixed x and ¢ a highly singular set function;
it defines a distribution concentrated at a point. The restrictions imposed on
the transition probabilities of Markoff processes by various authors can be
considered as smoothing restrictions imposed to make the representation of
P®(x, A) in terms of a point transformation impossible.

If there is a self-reproducing distribution &, it will be shown that under a
mild restriction on the field §,, X can be expressed as the sum of at most a
continuum of sets 4; and a remainder of ® measure 0, such that the 4,'s
have essentially the properties (0.5). The present paper can be considered as
an examination of the strengthening of this decomposition theorem which is
made possible by the imposition of weak additional restrictions on the transi-
tion probability functions.

The theorems of the present paper will be stated, for the most part, in
terms of stationary Markoff processes. Note that this is the same as stating
theorems on Markoff transition probabilities for which it is known that there
exist self-reproducing distributions. Although it is not customary for writers
on Markoff processes to presuppose the existence of a self-reproducing dis-
tribution, the existence is implied in their hypotheses, since each Q;(4) in
(0.5) defines such a distribution.

The weakest conditions imposed on the transition probabilities to insure
the truth of (0.4) and the subsequent paragraph are those of Doeblin and of
Kryloff and Bogoliouboft.

Condition of Doeblin. The space X is the interval (0.1). The field §. is
the field of Borel subsets of this interval. It is supposed that there is an s and
a positive e such that P®(x, 4) =1 —e if 4 has Lebesgue measure less than e.

Condition of Kryloff and Bogolionboff. The space X and the field §, are as
in Doeblin’s condition. Let P® be the linear operator defined by the kernel
P®(x, 4) taking the Banach space M of completely additive set functions
defined on {, into itself,

©.7) PWo =fP“)(x, A)®(dG.).
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(The norm of an element of I is its variation.) It is supposed that there is an
s and a completely continuous linear operator V, also taking I into itself,
such that P® —V has norm less than 1. Note that P® is the sth power of
PO3),

Although the conditions of Doeblin and of Kryloff and Bogoliouiboff are
very weak, they are insufficiently weak to cover some of the simplest cases
commonly encountered. In these cases the uniformity in x of approach to the
limit in (0.4) is not true. One such example is furnished by the Markoff process
encountered in renewal theory (see the following paper in this volume).
Another example is the Gaussian stationary process with correlation func-
tion pt, one of the simplest Markoff processes. Here X is the real line, .
the field of Borel sets, and

(0.8) P(z, A) = _____1___f exp:Mdy,
[2x(1 = p*9) ]2 4 2(1 - p?)
where p is a constant between 0 and 1(4). Evidently
0.9) lim P (%, A) = 1 f exp — dy.
- (2‘7!’)1'/2 A 2

In this case (0.4) holds as an ordinary limit. It is clear however that the limit
is not uniform in x. While it is hardly necessary to invoke the general theory of
Markoff processes to treat this simple example, it is unsatisfactory that the
general theory as developed up to the present does not already cover it.

There is a self-reproducing distribution in this Gaussian process, the dis-
tribution defined by the integral in (0.9), and with this distribution the Gaus-
sian process can be made stationary. The renewal process is another example
of a Markoff process, not covered by the hypothesis stated above, which has
a self-reproducing distribution. Under the conditions of Doeblin and of
Kryloff and Bogoliouboff, Q;(4) in (0.5) is a self-reproducing distribution. It
is therefore natural to study those Markoff processes which have such dis-
tributions, that is to study stationary Markoff processes, in order to extend
the Doeblin-Kryloff-Bogoliouboff results. The author, Yosida, and Kakutani
have made the first steps in this direction ; references to this work will be given
below.

The notation used is, in summary:

X is an abstract space of points x, ¥, « « - .

(3) The space X and field §. can be taken considerably more generally in both these con-
ditions. The condition of Kryloff and Bogoliodboff is somewhat weaker than that of Doeblin
as stated, but it will be seen below that the two conditions become equivalent if other measures
of Borel sets than Lebesgue measure are allowed in Doeblin’s condition.

(4) Cf. [4] for a detailed discussion of this process. The discussion covers the continuous
parameter case, but the change to ¢ integral is trivial.
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A, B, - - - are X sets; . is a given Borel field of these sets. In practice X
is usually a Borel set in Euclidean space with the topology determined by
Euclidean distance. For this reason no special notation is used to distinguish
points and sets of the abstract space X from points and sets of numbers.

Q is function (sequence) space as already defined; w is a point of , that
is, a function (sequence) x(2).

AM, .- - are Qsets.

T« is the Borel field of Q sets generated by sets of the form

{as¢) € A4sj=1,-+,n}, A; €G-

P(4A) is the probability measure on the sets of §., determined by a given
self-reproducing distribution and the given transition probabilities. For this
reason it is convenient to call the sets of §., the P-measurable sets. (The
parameter ¢ was chosen to be integral-valued to avoid certain complications
in P-measure. In the continuous parameter case a topology is introduced in
X and regularity properties are imposed on the transition probabilities to in-
sure measurability of the stochastic process.)

a(w), B(w), + - - are complex-valued functions of w, that is, chance
variables.

E{a} = [a(w)P(dA,) is the expectation of .

Pla; A} and E{a; B} are respectively the probability of A and the expec-
tation of B conditioned by assigned «; they are functions of «. It will some-
times be convenient to write P{a=x; A} and E{a=x; 8} to stress a particu-
lar value assigned to a. The conditional expectation E{a; 8} can be obtained
as the integral of 8 in terms of the probability measure P{a; A}.

T, is the transformation of function space already defined. We shall some-
times write T, for a(T,w).

P measure is the measure of X sets defined by a preassigned self-reproduc-
ing probability measure ®(4). This will be used, together with the transition
probabilities, to define a stationary Markoff process, so that for every s

(0.10) ®(4) = P{x(s) € A4}.

Alternatively a stationary Markoff process will be presupposed and ®(4) will
then be defined by (0.10). In this approach the transition probabilities must
be defined indirectly, and the fact that the definition is ambiguous on sets of
measure zero will cause complications. These will be discussed below.

A P-measurable set A will be called invariant if TA and A differ by at
most a set of P-measure zero. A set A of §, will be called invariant if

(0.11) P{x(0); x(1) €4} =1
almost everywhere (P-measure), on the Q set { x(0)EA}, that is, if
0.11") P{x(0) = z;2(1) €4} =1
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for almost all x (® measure) in 4. If 4 is invariant (0.11) and (0.11’) are also
true with x(1) replaced by x(s), for every s>0. The set 4 is invariant if and
only if the @ set {x(O) c4 } is invariant. Moreover it is known that if a set A
is invariant it differs by at most a set of P-measure zero from a set of the form
{x(O) €4 } This fact makes it possible to consider only invariant sets of this
simple type. More generally [3, pp. 118-119] it is known that if any P-meas-
urable function a(w) satisfies the condition Ta=e™a for some constant A\,
neglecting a possible exceptional set of P-measure zero, then o differs on at
most a set of P-measure zero from a P-measurable function of the form
f[x(0)]. A function satisfying this equation with A=0 is called an invariant
function; if e*s1, log o when suitably defined is called an angle variable.

A stationary process (Markoff or not) is said to be metrically transitive
if there is no invariant P-measurable function not constant with probability 1.
In the present case, the x(¢) process is a Markoff process, and it has already
been noted that in this case, in discussing both metric transitivity and angle
variables, it is sufficient to consider functions of x(0). In all cases, when in-
vestigating metric transitivity, it is sufficient to consider functions taking
on only the values 0 and 1, that is, characteristic functions of point sets. A
Markoff process is thus metrically transitive if and only if every invariant &
measurable set 4 has  measure either 0 or 1, that is if and only if every @
set of the form {x(s) €4} (fixed s, A ® measurable) which is unchanged,
neglecting sets of zero P measure, by a change of s, has P measure 0 or 1(5).

The theorems of the present paper concern conditional expectations of
the form E {x(O) =x; T.}. These conditional expectations are considered at
first as functions of x for fixed e, and the almost everywhere properties of the
functions for t— « are investigated. These results would remain valid if for
each s the conditional expectations were changed on a set of probability 0,
and in fact these conditional expectations are ordinarily so defined that
there is ambiguity on sets of zero probability. Sometimes, however, individual
values of x will be considered and such an ambiguity will be inadmissible.
It will then be supposed that the conditional probabilities are regular. By
this is meant that transition probabilities

Pla(s) = x; 2(s + 1) € A} = PO (x, A)

are given, as uniquely defined functions, satisfying conditions (a), (b), and (c)
of the first paragraph of this paper. If a is a chance variable depending on the
functions x(¢) for t=s, E{x(s) =x; a} is then unambiguously defined as the
integral of « in terms of the conditional probability measure for x(s) =x.
The hypothesis of regularity of the transition probabilities is not so strong
a restriction as might appear at first sight. In the first place Markoff processes
are most frequently given in terms of uniquely defined transition prob-

(®) The general background of ergodic theory, including concepts like metric transitivity,
and so on, is contained in [5]. The specific application to Markoff processes is given in [3].
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abilities; in this case regularity is intrinsic in the definition. In the second
place even if the transition probabilities are not so given, it is usually possible
to redefine them to be regular. In fact, this is always possible if the field §.
is strictly separable(®). This hypothesis is always satisfied, for example, when
& - consists of the Borel subsets of a Borel set in a Euclidean space. The proof
of this possibility of redefinition when §, is strictly separable goes as follows.
Although for a given 4 €EF., P{x(0) =x; x(1)EA4} is not a uniquely defined
function of x, it can be so defined for each 4 €§, that, excluding an X set N
independent of 4, with

(0.12) NEF., P{z(0) &N} =2a®W) =0,

P{x(0)=x; x(1)EA} is for fixed x a probability measure in 4 [3, p. 96].
Define PV (x, A) as this function for x€X — N, and as any probability meas-
ure in 4 for x&N. The function P®(x, A) defined inductively by

(0.13) POz, 4) = f PU=D(y, A)PO(x, dG,)

is a regular transition probability of the process.

The above discussion made essential use of the hypothesis that §, was
strictly separable. In the following it will frequently be desirable to perform
integrations of the type

(0.14) [ 12(50) = 5 200 € a6}

without any assumption of regularity imposed on the transition probabilities.
It is known that this is permissible and that the usual rules of integration,
taking the limit under the integral sign, and so on, apply, and the definition
of (0.14) is in terms of the usual Lebesgue sums [3, p. 98]. This convention
will be used below, for integration with respect to P{x(0)=x; x(f) €4}
measure or any other conditional probability measure with no further
comment.

We shall need the following fact below. If the transition probabilities are
regular and if Ay, A,, - - - are invariant, there is a set N of ® measure 0 such
that

(0.15) P{z(0) = z;2() CA;— A;N} =1, if x EA; — A;N,j=1,t= 1,

(%) A Borel field of sets is called strictly separable if it is the Borel field generated by a
finite or denumerable subcollection of its sets. Note added in proof: The italicized statement is
incorrect; the proof outlined is based on Theorem 3.1 [3, p. 96] which is incorrect. (It was tacitly
assumed in the proof of this theorem that the ¢ image of @ had outer F measure 1; this is not
necessarily true, although it is true if the ¢ image is a Borel set.) The italicized statement is
however correct if, for example, §: consists of the Borel subsets of a Borel set in a Euclidean
space. The discussion below of (0.14) is correct, with a slightly modified justification.
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In fact there is a set N; of ® measure 0, independent of j and ¢, such that
P{x(0) = z; 2()) € 4;} =1 if x CEA; — A;N,,

and a set N3D N, of ¢ measure 0, independent of j and ¢, such that
Pix0) = 2;2(1) EA;j— AiN:} =1 if s € A; — ANy,

ooooooooooooooooo

Then (0.15) is true with N =3Y;N;.

THEOREM 1 (STATIONARY PROCESS). (a) Let a(w) be any P-measurable func-
tion, and suppose that for some p =1

@.1) E{|al?} < =
Then the average
(1.2) — Z E{(0); T.a}

=1

converges in the mean with the same index p to a function a*:

Ao

1 ¢
n > E{%(0); Tia} — a*

=1

1.3) lim E{

o0

(b) If p>1, or more generally if
(1.4) E{|a| logt |a| } < = (),

the limit exists pointwise:

1 &
1.5) lim-t—ZE{x(O) = x; Toa} = o*
Lnd e=1
except for an x set of D measure 0. If AEF. the averages in (1.2), (1.3), and
(1.5) can be specialized to

(1.6) —-ZP{x(O).x(S)EA}

s=1

(c) If the process is metrically transitive the limit o* is E {a} which reduces
to P{x(0) €A} =d(4) when t— = in (1.6). Conversely if a*=E{a} for every
« the process is metrically transitive.

(d) Suppose that the process is a Markoff process and let Q(x, A) be the limit
in (1.6) when t— . Then Q(x, A) is the conditional probability of {x(0)EA4}
relative to the field of invariant sets; that is

1.7 fBQ(x, A4)®(dG,) = (A4 - B)

(") log* || =log |a| if |a| 21, log* |a| =0if [a] <1.
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if B is invariant. More generally, if o depends only on x(0), x(1), - - - , a* s
the conditional expectation of o relative to the field of invariant sets. The function
Q(x, A) satisfies the equations:

(1.8) 0w 4) = [ P{x(0) = 3: 50) € 4}0(: 4G,
(1.9) 0w 4) = [ 00, A)P{5(0) = = 20) € 6.},
(1.10) 0w, 4) = [ 003, )00, 46,

Sfor almost all values of x (P measure). The exceptional set varies with A and the
choice of the crnditional probabilities involved. There is metric transitivity if and
only if Q(x, A) = P(A) for almost all x (P measure) for each A.

(e) Suppose that the process is a Markoff process with regular transition
probabilities and suppose that C=C(c) is the x set on which (1.5) is true, where
o s bounded and depends only on x(0), x(1), - - - . Then C includes every x
satisfying

(1.11) P{x(O) =2z 2 [20) € c]} =1,
te=0

Note that (1.6) is the counterpart of (0.4). Although the limit when t— »
in (1.6) may not exist on an x(0) set of  measure 0, in many applications the
transition probabilities are regular and the possibility of exceptional points
of nonconvergence can be eliminated by the last statement of the theorem.

Various special cases of this theorem have been proved by the author
[3, p. 114], by Yosida [8], and by Kakutani [6]. It has always been sup-
posed hitherto, however, in proving (1.3) and (1.5) that the process was
Markoff, and, in finding pointwise limits, that & was bounded. It will be
clear from the proof that the conditional expectations for preassigned x(0)
can be replaced in (a), (b), and (c) by any other conditional expectations
without altering either the validity of the theorem or its proof. It would be
interesting to prove 'the existence of the pointwise limit in (1.5) for any «
with E{|a|} < », or to obtain a counter example. _

Proof of (a). Under the stated hypotheses, E{|a| } < . Hence according
to the point ergodic theorem (strong law of large numbers for stationary
processes)

1 t
(1.12) lim - > T =ay
. t— s=1

exists with probability 1, and according to the mean ergodic theorem if
E{|a|?} <« for some p21, it follows that E { |a1|?} < = and there is con-
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vergence in the mean of order p. Hence, in this case, when t—,

}
1 t

= E{‘E{x(o); [7 > T — ax]}
8=1

ssfsfor | re )

8=l
} — 0.
Thus (1.3) holds, with a*=E{%(0); au}.

Proof of (b). To prove (1.5) it will be sufficient to show that if p=1 and
if (1.4) is true then (1.12) can be integrated to the limit (¢— ) with respect
to the conditional measure E {x(0); A}. This will be shown by showing that
(in terms of this conditional measure) excluding perhaps an x(0) set of zero
measure there is convergence in (1.12) almost everywhere, and that the
averages are dominated by an integrable function. (It has already been noted
that this procedure is correct even though strictly speaking the conditional
probability may not define a measure.) According to (1.12) the bracket con-
verges to a; except on a set M with P{M} =0. Since

E{I%E‘E{x(O); T,a} — E{2(0); o}

=1

)

(1.13)

55 e

=1

(1.14) f P{x(0) = x; M} ®(dG.) = P{M} =0,

it follows that P{x(0); M} =0 for almost all x(0) ($ measure). That is to
say, excluding the exceptional values of x(0) the limit in (1.12) exists almost
everywhere (P{x(O); A} measure). Moreover according to a theorem of
Wiener [9, p. 27] (1.4) implies that

} < o,

Hence, excluding an x(0) set of ¢ measure 0,
} < o,

This means that, excluding an x(0) set of P-measure 0, the average in (1.12)
is dominated by an integrable function, as was to be proved.

Proof of (c). According to the ergodic theorem there is metric transitivity
if and only if ou=E {a} for all &, in which case, then, a*=E{a} also. If o is
defined to be 1 when x(0) €4 and 0 otherwise, the average in (1.2) becomes
that in (1.6). The limit is then E {a} = $(4) when there is metric transitivity.

(1.15) E{L.U.B. H Zt T,

sl

(1.16) E{x(O); L.U.B. H i T

=1
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Proof of (d). Let Q(x, A) be the limit in (1.6). To prove that Q(x, 4) is the
stated conditional expectation, that is, that (1.7) is true, we note that since the
process is a Markoff process, and since B is invariant,

iZ‘J-”{x(o) = x; 2(s) € 4} 8(dG.)
)
(1.17) =~ Z P{s(0) € B, 2() € 4]

t

=_:_zp{x(s)es, a(s) € 4}

=1

= P{x(0) € 4-B} = &(4-B).

When {— o, this becomes (1.7). The identification of a* as a conditional prob-
ability is made in the same way. The equalities (1.8), (1.9) and (1.10) are
“almost everywhere” equalities. Hence to show their truth it is sufficient to
show that integration over an arbitrary $. set B yields equality in each
case. This is clear in (1.9), using the fact that ® is self-reproducing. It is also
clear in (1.8) and (1.10), using (1.7), if B is an invariant set. Now it is clear
from the definition of Q(x(0), 4) that this function of x(0) is invariant, and
therefore that it is permissible to restrict B to be invariant in testing (1.8)
and (1.10). Thus the three equalities are completely proved. Finally, if there
is metric transitivity we have already seen that Q(x, 4) = ®(4) for almost all
x (& measure). Conversely, if this equation is true, and if 4 is invariant,
®(4)=1 or 0, since the conditional probability Q(x, 4) is the characteristic
function of A4 if A4 is invariant. Hence the process is metrically transitive.
Moreover it is clearly sufficient if Q(x, 4) =®(4) on a collection of sets so
large that the Borel field they generate coincides with §,.

Proof of (e). Suppose that |a| = K, that « depends only on x(0), (1), - - -,
that (1.5) is true for xE€C, and that the process is a Markoff process with
regular transition probabilities. Let x satisfy (1.11), that is to say it is sup-
posed that starting from x(0) =x, x(s) takes on a value in C for some s=0
with probability 1. We show that then x&C. Let » be the first value of s
with x(s) €C. Then if we use the fact that the process is a Markoff process,
and that the equality »=s is a condition on x(0), - - -, x(s),

(1.18) E{z(0) = x; T} = >, T.aP{x(0) = x;dA},
j=0 v {r=j}
where, if s =7, the jth integral in (1.18) can be written in the form

(1.19) f‘_'E{x(j); T} P{x(0) = x; dA}.

1
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Hence
—i:E{x(O) = x; T}
t 1 t
(1.20) = Z‘;f( .’—tZE{x(j); T,a}P{x(0) = x; dA}
1 t
TEL'») T.aP{z(0) = x;dA}.

Now the second sum is at most
K t
——t-ZP{x(O) = x;v > s}

a=1

(1.21)

which goes to 0 when ¢—w, since P{x(0)=x; »>¢}—0. The integrand in
the jth integral of the first sum in (1.20) is bounded by K and, since x(j) €C
when » =3, converges to a limit when {— «. The integral, and hence the sum,
therefore also converges to a limit; this finishes the proof.

It is a remarkable fact, due in the first place to von Neumann, and proved
later more generally by Ambrose, Halmos, and Kakutani [1], that any sta-
tionary process (with mild restrictions on the field of measurable sets) can be
decomposed into metrically transitive processes. Although the various de-
composition-limit theorems on Markoff processes are merely reflections of this
fact (the proofs vary with the special character of the hypotheses and the
predilections of the authors) the exact adaptation of the decomposition
theorem to Markoff processes has never been stated explicitly. This is done in
the following theorem, whose proof will be given in detail; the theorem is not
a corollary of the general theorem because stronger results are desired in this
special case.

THEOREM 2 (STATIONARY MARKOFF PROCESS WITH REGULAR TRANSITION
PROBABILITIES). Let Q(x, A) be the conditional probability of A(EF.) with re-
spect to the field of invariant sets, so that (by Theorem 1)

1 t
(2.1) lim — Yo P{x(0) = x; x(s) € A} = Q(x, 4)
t— =1
for almost all x (P measure).
If the field . is strictly separable, Q(x, A) can be so defined that the following
is true(®). There s a collection of sets {A ,,} where A,E§. and p varies through

(8) Added in proof: (Cf. footnote 6.) It is necessary to strengthen this hypothesis; it will
be supposed that §. consists of the Borel subsets of a set in a Euclidean space. With this re-
striction, the discussion of the unique definition of Q(x, 4), involved ia the definition of 4,, is
correct.
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some set of real numbers, with the following properties:
(a) Every set A S F, which is a sum of sets A, is invariant and (neglecting
sets of ® measure 0) every invariant set can be expressed in this way.

(b) ®(N) =0, where N=X— D A,

If x€X—N, Q(x, A) is a probability measure.in A EF, satisfying

(2.2) Q(xr A) = Q,‘(A), x € A,
(2°3) OA‘(AI‘) = 11

(2.9) f 0, 4)8(dG.) = B(4).

(c) Each probability measure Q.(A) is self-reproducing,
2.5) [ Pla@ = 3 20 € 4}0u(06,) = Quta),
and more generally if Y(du) is any probability measure in u space,
(2.6) 2:(4) = [ 0.(reean)

is a self-reproducing probability measure. Conversely if $,(A4) is self-repro-
ducing and absolutely continuous with respect to ®(A) it can be put in the form
(2.6). If, for some u, (A,) >0, then Q.(A) is proportional to ®(A-A4,), Q.(4)
=&(4 ’Aﬂ)/q:'(Au)-

d) P {x(0)=x; x(2) GA,.} =1 everywhere on A, and for each u and each
AEF., (2.1) is true for almost all x (Q, measure). The Markoff process with
® replaced by Q, is metrically transitive. The original process is metrically
transitive if and only if some A, has ® measure 1.

The analogues of (1.9) and (1.10) have been omitted here, since they re-
duce to trivial identities. Conditions are given below which exclude the possi-
bility that any A4, have zero ® measure. Under these conditions there can
be at most denumerably many of these sets. The stronger conditions of
Doeblin and of Kryloff and :Bogoliouboff imply that there can be at most a
finite number.

Definition of 4, and proof of (a). It has already been remarked that
Q(x(0), 4) is an invariant function, for fixed 4. This implies that the x set
defined by Q(x, 4) <k is an invariant set. In the following we shall suppose
that § is strictly separable, specifically that it is the Borel field generated
by the sets Ci, Cs, ¢ -+, C;EF:. It can then be supposed that the condi-
tional expectation Q(x, 4) is so defined that, for fixed x, Q(x, 4) is a proba-
bility measure in 4. It will be supposed below that Q(x, 4) is so defined, and
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that this function is then a uniquely given function of x and 4. Let 3 be
the Borel field of invariant sets generated by the denumerable collection of X
sets of the form

2.7 {Q(x, C.) < r}, n=1,2,---;rrational

If 4 is an invariant X set, we have seen that Q(x, 4) is the characteristic
function of 4, neglecting sets of & measure 0. Hence, neglecting sets of &
measure 0, 4 is the set defined by the equality Q(x, 4) =1. Since 4 is in the
Borel field generated by Ci, Ce, - - - this equality defines a set in §5, neglect-
ing sets of ® measure 0. Hence 7, although it may not include 4, includes a
set differing from it by at most a set of ¢ measure 0.

The sets of §3 which contain no proper non-null subsetsin {3 are called
the atoms of {3 . They can be exhibited explicitly in the form

(2.8) IIpY, e&=2x1, Dj=D, D;=X-D,
?

where D,, D,, - - - are the sets in (2.7). The non-null intersections in (2.8)
are the atoms. The cardinal number of these non-null intersections is at most
that of the continuum, and we can therefore denote them by {4,} where u
ranges through some set of real numbers. In the following we shall find it
necessary to drop some of these atoms, putting them in a set N of & measure
0. Since every set of {3 is composed of atoms, every invariant set differs
from a sum of 4,’s by at most a set of ® measure 0. The converse, that every
A, sum is invariant if it is a set in . is a consequence of (b), to be proved
below. In fact if AEF. is a sum of 4,’s, where u ranges over some set M,
0.(4) =1 when pE M and Q,(4) =0 otherwise. Hence the set 4 is defined by
the equality Q.(4) =1, that is, neglecting sets of ® measure 0, 4 is defined
by the equality Q(x, 4) =1. This definition has already been seen to define
an invariant set.

Proof of (b). Since Q(x, 4) is §7 measurable for fixed 4, it depends only
on the atom in which x lies. Equation (2.2) is merely the analytic formulation
of thisfact. If 4 €§5, the conditional probability Q(x, 4) is 1 almost every-
where in A (P measure); that is to say, using (2.2), Q(x, 4) =1 in every 4,
except in some constituting a set of ® measure 0. Drop these atoms from the
A, for every set A defined by (2.7). If this is done, (2.3) will be true. Equa-
tion (2.4) is obtained by integrating (2.1) with respect to ® measure.

Proof of (c). According to Theorem 1, (1.8) is true for almost all x (&
measure), that is, (2.5) is true except possibly for a set of u corresponding to
atoms of total ® measure 0. Absorb these in N for all sets 4 =Cy, Cy, - - .
Then (2.5) will be true for all A EF.. If (2.6) is used to define a probability
measure $,(4), integration of (2.5) in u (¥ measure) gives the equation show-
ing that &, is self-reproducing. Conversely suppose that ®, is any self-repro-
ducing probability measure. Then
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1 t
(2.9) N 2 | P{x(0) = y; 2(s) € A} 8:1(dG,) = 3:1(4).

8=l

When ¢{— o« the integrand converges to Q(y, 4), except possibly on a set of ®
measure 0. If &, is absolutely continuous with respect to ®, the exceptional
set has at most zero ®; measure also; when {—«, (2.9) becomes

(2.10) [ et a6 = aa),

which is a special case of (2.6), since ®,(dG,) induces a measure in u space.
In particular, suppose that ®(4,) >0. Then by (2.4), ®(4-4,) =Q.(4) - P(4,).

Proof of (d). It was proved in the introductory remarks of this paper that
(since the sets Dy, D,, - - - defined by (2.7) are invariant) there is a set Dy
of ® measure 0 such that P{x(O) =x;x(1) e.Dj—'.DjD()} =1 for x€D;— D;D,.
We shall now suppose that §3 is the field of sets generated by D,, Dy - -
(rather than by Dy, D,, - - - ). None of the previous arguments require any
change because of this. It is now true, however, that P {x(O) =x;2(1)E4} =1
forx€4 if AEF, and if A CX —D,. Then the first statement of (d) is true if
Do, which is a sum of atoms, is incorporated in N. Equation (2.1) is true for
each A4 for almost all x (® measure) and hence, using (2.10), if N, is the ex-
ceptional set, Q(y, N1) =0 for almost all y (P measure). Hence Q,(N;) =0 for
all u except some corresponding to 4,’s of total & measure 0. Absorb these in
N for each A=Ci, C; - - - . We shall show below that then, for each u and
each 4 €., (2.1) is true for almost all x (Q, measure). According to Theorem
1, the process with ® replaced by Q, will be metrically transitive if

1 t
(2.11) lim — > P{2(0) = «; x(s) € 4} = Q.(4)
toe b a1
is true for almost all x (Q, measure), for every 4. In fact, according to a re-
mark made in proving Theorem 1, it is sufficient that (2.12) hold for a collec-
tion of sets 4 determining the field §.. This is precisely what we have shown,
with 4 =C,, C,, - - - . Hence the reduced process is metrically transitive. It
then follows from Theorem 1 that (2.11), that is (2.1), holds for almost all
% (Q, measure) for each 4 €§,. If the given process is metrically transitive,
the invariant X sets have ® measure either 0 or 1. It is then clear from (2.8)
that one atom must have ® measure 1. This atom can never be absorbed in N.
Conversely if some 4, has ® measure 1, say 4,, then Q,(4) =%(4), and the
“reduced” process, which has been shown to be metrically transitive, is pre-
cisely the original process.
In general, it is not difficult to show that the u can be so chosen that any
Borel set of u’s corresponds to a set of atoms which constitute a set of §5,
and conversely any §7 set can be expressed in this way (ignoring the atoms
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in N). This gives an elegant parametrization of the invariant sets.

The following theorems make Theorem 2 more precise by imposing re-
strictions on the transition probabilities which make it possible to discuss the
truth of (2.1) for individually specified values of x.

THEOREM 3 (STATIONARY MARKOFF PROCESS WITH REGULAR TRANSITION
PROBABILITIES). Let Py(x, A, t) be the singular component of the measure
P{x(0) =x; x(t) EA} with respect to  measure. In the following, a(w) will be
any P measurable function depending on x(t) for t=0, and either bounded or at
least with

(3.1) E{2(0) = ; | Tea| } < o, tEX, 121
and
(3.2 LUB. E{x(0) = y; | Tea| } <

4

for some to>0.
(@) Pi(x, X, t) is monotone non-increasing in t, for fixed x.
(b) With the above convention on «,

1 t
(3.3 lim — 3 E{2(0) = #; T\a}
S
extsts for all x satisfying
(3.4) lim Py(x, X, t) = 0.
>0

If the process is metrically transitive, the limit in (3.4) is E {a} .
(c) If C is the x set on which (3.4) is true, C includes every x satisfying

(3.5) P{x(O) =z 2 [z € c]} =1,
t20

If (3.4) is satisfied on an X set of positive ® measure, and if the process 1§
metrically transitive, (3.4) is satisfied by almost all values of x (P measure).
(d) If x satisfies (3.4), and if A EF.,

(3.6) lim = 3 P{«(0) = % x() € 4} = 0(x, 4)

exists. The set function Q(x, A) is a probability measure which s absolutely
continuous with respect to ® measure and is self-reproducing,

3.7) [ P{x( = 3: 20) € 4)0(z, d6) = 0z, 4).

If the process is metrically transitive, Q(x, 4) =P(4).
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(e) If almost all x (P measure) satisfy (3.4), Q(x, A) (for those values of x)
satisfies

3.9) [ et 06z, d6) = 0, YO
and also satisfies
(3.9 [ et )P{5(0) = 5 5 € 46} = 0(a, 4)

for almost all x (P measure)(). If all x satisfy (3.4), (3.8) and (3.9) are true
for all x.

Proof of (a). For each ¢ let 4, be a set of & measure 0 for which

(3.10) P{x(0) = x; 2() € A} = Pi(x, X, ).

The set 4, depends on x and ¢, but x in the following will be held fast. Then
Py(zx, X, ¢

@.apy @ Xos+ )

=fP{x(t) = y; 2(s + &) € At} P{2(0) = x; 2(t) € dG,}, s,¢> 0.

Since $(4,:) =0, the integrand vanishes for almost all y (® measure); if
B is the set on which it does not vanish,

@y DEXstd §fBP{x(O) = ; %() € dG,}

= P{x(0) = x; x(f) € B} < Py(, X, 1),

as was to be proved. It is interesting to note, although we shall not use the
fact explicitly, that P, obeys the same functional equation (0.1) as the
transition probabilities themselves.

Proof of (b). The problem is that of justifying going to the limit under an
integral sign. In fact in

1 ¢ 1 ¢
(3.13) 7Z)E{x(O) =x; T} = E{x(O) = > T.a},
=1 =1
the average (1/£) D¢, T.a converges with probability 1. According to Theorem
1 integration to the limit is justified for almost all x (® measure) if
E{ Iallog*' |a| } < o, The present hypotheses are of a different type. If

(®) The integration is meaningful even though Q(y, A4) is not defined on a y set N of &
measure 0 because, according to (d), N is also of Q(x, dG,) measure 0.

(%) In this integral the integrand is again undefined on a set of ® measure 0, but this has
integration measure 0 for almost all (& measure) values of x.
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0<s=t—1to,

t

-%Z E{x(0) = x; Tja}

(3.14) =f {x(s) = y; — p MZHOT,a}P{x(O) = z; x(s) €dG,}
+ E{x(O) = x; — hﬁ; T,a}

Now by hypothesis (3.2) is true, and it follows easily that (3.2) is true with
%o replaced by any ¢>t, with the same bound, say K. Then the jth integrand
in (3.14) is bounded by K. According to Theorem 1 this integrand converges
in the mean of order 1, and therefore in probability, that is, in ® measure.
Unfortunately ® measure is not the relevant integration measure. However
if A, is defined as in the proof of (a), the integrand converges on X —A4,
in the integration measure. Integration to the limit on X —4, is therefore
allowed and the maximum oscillation of (3.14) when {— o is thus at most
KP)(x, X, s), an upper bound to the integration over 4,. By hypothesis this
can be made arbitrarily small by choosing s large. Hence the left side of
(3.14) converges to a limit when {— . If the process is metrically transitive,
the limit is E{a}, since in that case the almost everywhere limit in (3.13)
when t—w is E{a}, by Theorem 1.

Proof of (c). If (3.4) is satisfied on an X set C and if x satisfies (3.5),
that is, if starting from x(0) =x, x(s) takes on a value in C for some s =0 with
probability 1, we shall now show that x also satisfies (3.4). Let » be the first
value of s with x(s) €C. Then using the fact that the process is a Markoff
process, and chat »=s is a condition on x(0), - - -, x(s),

L]

(3.15)  P{=(0) = x; 2() €4} = T P{«(0) = x;» = 5, (1) € 4};

8=0
where, if £,

(3.16) P{x(O) =x;v =5, x(f) EA}
=f ’P{x(s); x(f) € A} P{x(0) = x;dA}.
{v=s

In particular, if $(4)=0
P{x(0) = x;» = s, 2(t) € A}

(3.17) éf Pi(x(s), X, t — )P{x(0) = x; dA}.
sus)

If 4 is chosen so that the left side of (3.15) becomes Py(x, X, ¢), it then fol-
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lows that if t=n,

Py(x, X, 8 = i Py(x(s), X, t — s)P{x(0) = x; dA}

=0V (3msl

+ > P{x(0) = x;v =5, x(t) € A}

(3.18) e
=X Py(x(s), X, t — s)P{(0) = x; dA}
0V {yms)}

+ i P{x(0) = x;» = s}.

smn+1

Now the last series in (3.18) is the remainder of a convergent series:

(3.19) ZP{x(O) =x;v=s} =1,
=0

and can be made arbitrarily small by choosing # large. When v=s, x(s) EC.
Hence the integrands in (3.18) converge to 0 ((— =) by the definition of C.
Since the series of integrals is dominated term by term by the series (3.19), it
follows that the left side of (3.18) converges to 0. We have thus shown that C
includes the values of x satisfying (3.5). If the process is metrically transi-
tive, ®(C) =0 or ®(C)=1. In fact if $(C) >0, and if n(¢) is the number of
times x(s) €C for 0 <s <t¢, n(t)/t—®(C), with probability 1, according to the
ergodic theorem. Thus for almost all values of x(0) =x (® measure), (3.5)
is satisfied and in fact x(¢) will even take on values in C for infinitely many
values of ¢.

Proof of (d). If x satisfies (3.4) and if a(w) is defined to be 1 when x(0)E A4
and 0 otherwise, the average in (3.3) reduces to that in (3.6). Since there is a
limit in (3.6) for every 4, Q(x, A) is a probability measure in 4. According
to (b), Q(x, A)=E{a}==&(4) if the process is metrically transitive. The
equation

1 Z+) P{x(0) = «; x(t) € A} =Jip{x(0) =x;%5(s+1) €4}
T t=stl T (=1
620 =23 [ Plx) = i 56+ D € 4} {20 = 5 20) € 6y}

1 T
= [ 2(a0) = 31 59 € 4} = T Ps(0) = = 2() € 4G}
=1
leads (when 7— ) to (3.7). This means that Q(x, 4) is a self-reproducing dis-

tribution which may or may not coincide with the given one, ®(4). If
®(4) =0,
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0z, 4) = lim — 3° P{(0) = z; x(9) € 4}

(3.21)
1 ¢ :
< lim — )] Py(x, X, s) = 0.
t— o =1

Hence Q(x, A) is absolutely continuous with respect to ® measure, for fixed x.
The absolute continuity may not be uniform in x.

Proof of (e). If almost all x (® measure) satisfy (3.4), (3.7) must hold for
almost all x. Hence for those x,

1 t
(3.22) + 2 P30 = y; =) € 4}0(x. 4Gy) = Q= 4).
When ¢— « the integrand converges boundedly to Q(y, 4) for almost all y ($
measure) and therefore for almost all y in the integration measure, because
the latter is absolutely continuous in ® measure. Integration to the limit is
therefore permissible, and yields (3.8). It has already been seen in Theorem
1 that (3.9) holds for almost all x (P measure). If all x satisfy (3.4), (3.8)
must holds for all x. Moreover when ¢— in

1 t+o 1 L
- > P{x(0) = =; x(s) €4} = :—EP{x(O) =zx;2(s+ 1) €A}
(3 ) 23) s=tt1 =1
1 [
= | — X P{%(0) = y; x(s) € A} P{(0) = =; 2(t) € dG,},
=1
the integrand converges boundedly to Q(y, A) when o— . Integration to the
limit yields (3.9).
The following theorem gives conditions under which the Cesdro limits
used up to the present can be replaced by ordinary limits.

THEOREM 4 (STATIONARY MARKOFF PROCESS WITH REGULAR TRANSITION
PROBABILITIES AND NO ANGLE VARIABLES). In the following o is a P measurable
Sfunction satisfying (5.2) for all large to and depending only on x(t) for t = const.
(the constant may vary with o).

(a) There is a t set I of relative measure 1(1), independent of x and of o
such that if x satisfies (3.4)
4.1) lim E{x(s) = »; Twa}

—w 11

exists and is independent of s. If the process is metrically transitive, the limit is
E{a}.

(1) A ¢ set of relative measure 1 is a set with the property that (number of integers in the
set between # and —n)/2n—1 when n— .
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(b) If (3.4) is satisfied by almost all x (P measure), (4.1) can be strengthened:

4.2) lim E{x(s) = «; T:a}

exists for those x, and is E {a} if the process is metrically transitive.
With proper choice of a, (4.1) and (4.2) become

(4.1) nme’ Pla(s) = x; 2(f) € A} = Q(=, 4)
and
4.2) lim P{x(s) = x; x(t) € 4} = Q(x, A).

The specialization from (4.1) and (4.2) to (4.1’) and (4.2') is clear, and
will receive no further comment.

Proof of (a). According to a theorem of von Neumann and Koopman [5,
pp. 36-37] if the process has no angle variables, there is a ¢ set I of relative
measure 1, with the property that
(4.3) lim E{B(w)Tw(w)}

t-w &1
exists for all chance variables a, 8 with E{|a|?} <« and E{|g?| } < ». If the
process is metrically transitive, the limit is E{a}-E{8}. Moreover the limit
is unchanged if « is replaced by T, or if 8 is replaced by T,8. It will be con-
venient to write P{x(0) =x; x(f)E€ A4} explicitly as the sum of its absolutely
continuous and singular components with respect to & measure,

@) P{s(0) = 5 50) €4} = [ 2(x % 92(G,) + Pa(w, 4,0,
4
The conditional expectation in (4.1) can be written (for large ) in the form

E{x(s) = x; Ta} =fE{x(u) = y; Twa} P{x(s) = x; x(4) € dG,}

(4.5) = [ Els) = 3: T} s, 3,8 = )(G,) + 0
= E{p(x, x(“’)’ U — s)'Tta} +
where
l'”l = ’fE{x(u) =9 Tta}Pl(x, dGy, u — s)
4.6)

< L.U.B. E{2(0) = ¥; | Ti—ua| } Pi(x, X, u — ).
v
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If t—«, tEI, the last expectation in (4.5) converges to a limit (put
B=p(x, x(u), u—s) in (4.3)); in fact although the integration hypotheses im-
posed by Koopman and von Neumann are not satisfied here, a simple ap-
proximation extends their result as required. Moreover it was remarked in
the proof of Theorem 3 that our hypotheses on « imply that the L.U.B. in
(4.6) is bounded in ¢ when {— 0, say with bound K. Hence when t—,
with t€1, the left side of (4.6) has oscillation at most KP;(x, X, #—s). By
hypothesis this can be made arbitrarily small by choosing u large. Hence the
left side of (4.5) converges to a limit when {— «, t&I. If the process is metri-
cally transitive the limit is E{a}. This can be seen from the fact that the
limit in (4.3) is E{a}-E{B} in that case, or from the fact that the Cesiro
limit is E { a} in that case, according to Theorem 3.

Proof of (b). Suppose now that (3.4) is satisfied by almost all x (® meas-
ure). For large ¢ we can write

E{x(0) = x; T} =fE{x(s) = y; Twa} P{2(0) = x; 2(s) € dG,}
“4.7
=fE{x(O) = y; T;..,a}P{x(O) = x; x(s) EdG,,}.

According to (a) the integrand converges for almost all y when {—« with
t—s&I. We let t— « with no restriction, choosing s =s(¢) so that

t—sel, sel, s$— o,

Now if A4, is a set of ® measure 0 satisfying the equation Pi(x, 4,,s)
= Py(x, X, s), and containing the points of nonconvergence of the integrand
in (4.7), the integrand converges boundedly everywhere on X — .4, and
the integration measures converge. Hence

(4.8) lim E{x(s) = y; T,a}P{x(O) = x; x(s) EdG,,} (A = EA.)

oo J X 4

exists. Moreover if K has the same significance as in the proof of (a),
4.9) f E{x(s) = y; Tea) P{2(0) = #; 4(s) € dG,} < KPy(x, X, 5) =0
A

so that the left side of (4.7) converges to a limit when {—®, as was to be
proved. As in (a), if the process is metrically transitive, the limit is E {a} .
Theorems 3 and 4 were devoted to the asymptotic character of E {x(0) =x;
T} as conditioned by the validity of (3.4). If (3.4) is assumed true on an X
set of positive ® measure, the decomposition theorem (Theorem 2) becomes
essentially simplified. Only two cases will be discussed: when (3.4) is true for
all x (Theorem 5) and when (3.4) is true for almost all x (Theorem 6). The
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paper is then concluded by a detailed analysis of the hypotheses of -Doeblin
and of Kryloff and Bogoliouiboff as compared with the hypothesis that (3.4)
is true for all x.

THEOREM 5 (STATIONARY MARKOFF PROCESS WITH REGULAR TRANSITION
PROBABILITIES; EVERY VALUE OF % SATISFIES (3.4)). There are finitely or
denumerably infinitely many disjunct sets Ay, As, - - -, of positive  measure,
and corresponding self-reproducing probability measures Qi(A4), Q:(4), - - -
with the following properties:

(5.1) 2(N) = 04(N) = 0 (v-x- ;A‘)’

(5.2) 0i(4;) = 1.

A probability measure ®,(A) is self-reproducing if and only if it can be put in the
Jorm
(5.3) 8,(4) = 3 a,0:(4), ¢;20,2 0= 1.
i i
In particular every a; is positive for $,= and more generally these constants
are all positive if and only if ® is absolutely continuous with respect to P..
Every ®, is absolutely continuous with respect to ®.
Each Q; process (P replaced by Q;) is metrically transitive and the Q;'s are
the only self-reproducing distributions giving metrically transitive processes.
The transition probabilities satisfy

(5.4) P{x(0) = x; 2() € 4;} =1, x € A
and, if AEF.,
(5.5) lim —1 Z': P{x(0) = x; z(s) € A} = Q(x, 4)
exists for all x, with

Q(x, 4) = Q;(4) (x€4))
5.6
-9 = > a;(x)Q;(4) (x € N, ai(x) 2 0, Z ai(x) = 1>’

For x€Aj, (5.5) can be strengthened as follows. To each A; corresponds a
positive integer d;. If d;=1,

(5.7 lim P{x(0) = x; x(f) € A} = Q;(4), x € A,

{00

Ifd;> 1, Ajis the sum of d; disjunct sets Aj1, - - -, Aja; and there are probability
measures Qj1, - + -+, Qja; satisfying
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1

(5.8 Qi(4) = ) [0a(4) + - - - + Qig;(4)],
(5.9) Qi) =1, Qi(dq) =1/d;,
(5.10) P{x(0) = x; 2(t) € Ajr} = sy x € 4,(9).
Finally
5.11) lim P{x(0) = x; x(djs + &) € A} = Qirre(4),

*xCAp;t=0,---,d;—1,
(5.12) Queid) = [ PLa0) = 3; 2) € 4}0nidGy).

If (3.4) holds for all x, Q(x, A) is defined by (3.6) for all x and all 4 E§.,
and satisfies (3.8). According to a theorem of Blackwell [2, p. 567] since
Q(x, A) is absolutely continuous with respect to ®(4) and satisfies (3.8), X
is the sum of disjunct sets By, By, 41, 42, 43, + - -, finite or denumerably in-
finite in number, with the 4; of positive ® measure, and there are probability
measures Q1(4), Q:(4), - - - satisfying

Q(x, 4) = Q4(4), x € 4;,
Qi4) =1,

(5.13) 0:(4) > 0 if A C 4, 8(4) > 0,
Q(=, By) =0,
&(By) = 0.

We shall only touch on those points which are not obvious in the light of
Blackwell’s theorem and the preceding theorems of this paper. Equation (0.2)
implies that ®(Bo) =0. We set N=Bo+ B, and shall absorb other sets of ®
measure into N also, as required below. Evaluating (3.8), and using (5.13)
and the fact that Q(x, 4) =0 when $(4) =0,

(5.14) Q(z, 4) = 220:4)Q(x, 4)).

This is (5.6), with an explicit evaluation of the a;(x). If ®,(4) is self-repro-
ducing,

2(4) = [ P(s(0) = 5: 20) € 4} 21(46,)
(5.15) |
= [ = 3 P20 = 5 50) € 4} 046,

¢ =1

() Here and in the following the second subscript ¢ in Ay is to be interpreted modulo d;.
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When ¢— « this becomes

2(4) = [ 00, 26 = T 0,4) [ 0y, 4)2:(d6.)

19 - S0 n4)

1
which is (5.3). In particular if ®;=®, a;=®(4,)>0. Since every Q;(4) is
absolutely continuous with respect to ®, every ®; must be also. Any two self-
reproducing distributions whose corresponding constants of combination a;
are simultaneously zero define the same sets of measure 0. The only special
feature about ® is that all of the corresponding a;’s are positive. If ®; did not
have this property, (3.4) would hold only for almost all x, using $; as a base
measure.

Equation (3.6) becomes for x&EA4;

1 t

(5.17) lim — 32 P{a(0) = i () € 4} = Q,(4).

i s=1
Hence by Theorem 1(d) the Q; process is metrically transitive. It is clear that
the Q;'s are the only self-reproducing distributions making the process
metrically transitive. For example this follows from the fact that the 4;'s
and sums of 4;'s are the only invariant sets, neglecting sets of ® measure 0,
that is, with every Q; vanishing. Since 4; is invariant, (5.4) certainly holds
for almost all x in 4; (Q; measure), and we have seen at the beginning of this
paper that 4; can be replaced by a subset of the same Q; measure for which
(5.4) holds. The difference is put into N. We shall assume that this has been
done.

Define d;=1 if the Q; process has no angle variables. Then (5.7) follows
from Theorem 4. Now suppose that the Q; process has an angle variable,
that is, that there is a ® measurable function f(x) (not identically zero on a
set of ® measure 1) and a real constant A satisfying

(5.18) flx(9)] = erf[2(0)], s=1,2,--+,

neglecting x(s) sets of Q; measure 0. Since | f| is invariant, and since the
Q; process is metrically transitive, l f ] =const. on a set of Q; measure 1. It is
no restriction to take this constant as 1. Then

(5.19) f=e"9, 0=g<2m
It follows that the  sets

{#(0) € B}: {a <25+ g[5(0)] < b (mod 27)},

{zs) €C}: {a < glz(s)] < b (mod 27)}

are identical, neglecting sets of probability 0. Thus

(5.20)
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Qi(B) = 0/(C) = P{a < g[2(s)] < b (mod 27)},
P{x(O)=x;x(s)EC} =1, x € B,
neglecting an x set N(a, b) of Q; measure 0. Let N; be the sum of the N(a, b)for
all rational ¢ and b. Unless g is a function which takes only a finite or de-
numerably infinite set of values (aside from values taken on on a set of Q;

measure 0), there is a sequence of rational pairs (g;, b;), shrinking to a point,
corresponding to a sequence of pairs of sets (Bj, C;) satisfying (5.21) and

(5.22) BiDB,D:+, C1DC:D---, Qi(Ba) = Qi(C.) > 0,

such that [ [;B. contains points in 4;— N;. Let x be such a point, and choose
s so large that

(5.23) Py(z, X,s) < 1.
Then

(5.21)

G2 Pla0) = mis) € Hc} -1, o,-(,I”Ic,,) =0,

which contradicts (5.23). Thus there is a constant ¢ which f assumes on a set
of positive Q; measure. The constants ce®™, ce?™, - - - are also assumed on sets
of the same Q; measure. This is impossible unless e is a root of unity. We can
suppose then that e® is a d;th root of unity and that

f(x) = ce™, ce’?, - - -

on disjunct sets 4;, + - -, Aja; respectively, all having the same Q; measure.
The sum of these sets is invariant, and therefore includes all of 4; except
possibly a set of Q; measure 0. Hence Q;(4 ;) =1/d;. The remainder 4 j_ZkA sk
is absorbed in N, and 4 is then reduced again as above, so that (5.4) will still
hold. If x(s)EAx, it follows that x(s+1)E A4 k41, that is, (5.21) becomes
(5.10), valid for almost all points of 4 ;.. The sets 4 and 4; are then modi-
fied to ensure the simultaneous validity of (5.4) and (5.10) without excep-
tional points. Unless there were a maximum value to the possible integers d;,
(5.10) would show that for almost all x (Q measure) and every #n there are
sets B, with P{x(0) =x; x(s) €B.} =1, Q;(B,) £1/n. This contradicts (5.23).
Hence there is a maximum d; and it is assumed from now on that this maxi-
mum has been chosen above.

The transformation T considered on the Q; process will be denoted by T;.
It has a point spectrum(*®) consisting of 0 (corresponding to the fact that 1 is
a characteristic function) and 27n/d; (corresponding to the fact that f and its
integral powers are characteristic functions) for n=1, - - -, d;j—1. These

(1) Cf. [5] for a discussion of the spectrum of a measure preserving transformation, that is,
of the corresponding unitary transformation.
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points all have multiplicity 1, since T is metrically transitive. Then T4 has
a point spectrum consisting of the single point 0, which has multiplicity d;.
Corresponding to this fact, the transition probabilities

P{x(0) = x; x(dt) € A}, t=1,2.--,

determine (together with Q; measure) a stationary Markoff process which is
not metrically transitive, because 4,14 - - -, 4;q; are invariant, but which has
no angle variables, and which becomes metrically transitive when reduced
still further from 4; to any 4 j. Then the limit Q;;(4) defined by (5.11) with
t =0 must exist, according to Theorem 4. Equations (5.11) and (5.12) are ob-
tained when s— « in

P{x(O) = x; z(d;s + ) € 4}

(5.25) fP{x(O) = y; 2(t) € A} P{2(0) = x; (d;s) € dG,}

= [ (2@ = y: s(d:5) € 4} P(x(0) = =; 20) € &G, }.

THEOREM 6 (STATIONARY MARKOFF PROCESS WITH REGULAR TRANSITION
PROBABILITIES). If almost all x (P measure) satisfy (3.4), there is a set NoEF»
of ® measure 0 such that

6.1) P{z(0) = x; () EX — No} =1, x € X — N,,

and that if X is replaced by X — No, and the field of sets AEF. by the field of sets
Ao=A —AN,, the Markoff process with this space, these X measurable sets, the
transition probabilities (6.1), and the same ® measure satisfies the hypotheses
of Theorem 5. The decothosi;ion of that theorem 1is therefore applicable to
X —N,.

Before proving Theorem 6, we present the following example. In Theorem
5 choose a self-reproducing measure ®; as defined by (5.3), and suppose that
a1 =0. The present hypotheses are then satisfied, using the basic ; measure,
but Theorem 5 is no longer applicable since (3.4) is no longer true on 4;. The
present theorem then gives the decomposition of X — 4, but gives no informa-
tion on A4,.

To prove Theorem 6 we need only note that if (3.4) is true on X — N,, by
a process already used repeatedly in the proof of Theorem 5 N, can be in-
creased slightly to make (6.1) true. The theorem is now obvious.

Comparison between the condition that (3.4) be valid for all x and the condi-
tions of Doeblin and of Kryloff and Bogolionboff. In the following it will be
supposed that X is a Borel set of finite measure in Euclidean space and that
&+ is the field of its Borel subsets. The Lebesgue measure of a set 4 will be
denoted by mA4. Doeblin’s hypothesis is that for some €>0 and ¢
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(7.1) P{x(0) = z;2(t) EA} S 1 —¢ if mA < ¢

uniformly in x. This condition is shown to imply the existence of the limit
Q(x, 4) in (3.6) uniformly in x and 4. The use of Lebesgue measure here is
somewhat confusing, since the proofs are equally valid for many other meas-
ures of Borel sets. In order to clarify this point, his condition will be put in a
somewhat different form. In his case Q(x, 4) is a self-reproducing probability
measure for each x, and the decomposition of Theorem § is valid; in fact only
a finite number of sets 4; can be present. Moreover, using the notation of
Theorem 5, if mA4 >0, and if A CA;, Q;(4) >0 also. Define #(4) by
®(4) = E aQi(4)

7

where the a,'’s are positive, have sum 1, and are otherwise unrestricted. Then
®(A4) is a self-reproducing probability distribution, and ®(4) >0 if m4 >0,
that is, m4 is absolutely continuous with respect to ®(4). Condition (7.1) can
therefore be put in the following form:

(7.1) P{z(0) = x;2(t) CA} <1 —e if #(4) S e.

Now if this condition is satisfied, and if Pi(x, 4, ¢) is the singular component
of P{x(0)=x; x(f)€A} with respect to ®(4), then certainly

(7.2) Pl(x, X, lo) =1—ce

uniformly in x. The proof that P;(x, X, £) is monotone nonincreasing in ¢ now
shows (using (7.2) in (3.12) with s=#) that

(7.3) Pilx, X, to+t) = (1 — ePix, X, 2).
Hence
(7.4) Pi(x, X, nty) £ (1 — ¢

and thus (3.4) is true, and the convergence is even uniform in x and exponen-
tially fast. It is this uniformity of convergence to 0 which precludes the pos-
sibility of infinitely many sets 4;, and the still stronger condition (7.1’) im-
plies the uniformity of the limit equation (3.6).

The formulation of Doeblin’s condition in (7.1’) explains the rather arbi-
trary use of Lebesgue measure in the original formulation. Lebesgue measure
was a measure of Borel sets with the property that mA4 >0 implied Q;(4) >0
for some j. Any other measure of Borel sets with this property would serve as
well. In the same way the ®(4) distribution in Theorem 5 was rather arbi-
trary (although it had to be self-reproducing) ; any self-reproducing distribu-
tion with the property that if any Q;(4) >0, then $(4) >0 would have served
as well.

The condition of Doeblin is thus stronger than the hypothesis that there
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is a self-reproducing distribution and that (3.4) is true for all x. Doeblin’s
condition has the advantage that it does not require a priori the existence of a
self-reproducing distribution. In some examples, however, the existence of
such distributions is already known. This is true in the renewal process (see
the following paper in this volume). Doeblin’s condition is however essentially
stronger and leads to stronger results where it is applicable. The condition of
Kryloff and Bogoliouboff is somewhat weaker than that of Doeblin, as stated,
but since it leads to exactly the same decomposition theorem, the two are
essentially equivalent. In both cases (7.1’) is true. The point is that the
various possible choices for X measure in Doeblin’s condition bring it up to
the generality of the Kryloff-Bogolioliboff condition.

As a somewhat trivial example which may however be illuminating, con-
sider the Gaussian Markoff process described in the Introduction. In this
case, as already remarked, there is a self-reproducing distribution, and
Py(x, X, t)=0, so that Theorem S is applicable. Actually (0.9) shows that
there is metric transitivity and no angle variables; there is only one set 4;,
and there are no cyclic transitions. The convergence in (0.9) is not uniform
in x; this means that neither the Doeblin nor the Kryloff-Bogliouboff condi-
tions are satisfied.
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